Abstract-A transmission scheme based on the Alamouti code, which we call the Li-Jafarkhani-Jafar (LJJ) scheme, was recently proposed for the 2×2 X Network (i.e., two-transmitter (Tx) tworeceiver (Rx) X Network) with two antennas at each node. This scheme was claimed to achieve a sum degrees of freedom (DoF) of
I. INTRODUCTION
The problem of capacity region of Gaussian interference networks has been open for decades except for a few special cases [1] , [2] . In the course of pursuit of capacity region of general Gaussian interference networks, researchers have been led into approximating their capacity regions (see for example, [3] ) and their sum-capacities. A popular way of approximating the sum-capacity of a Gaussian interference network is using the concept of degrees of freedom (DoF). The sum DoF of a Gaussian interference network is said to be d if the sumcapacity can be written as d log 2 SN R + o(log 2 SN R) [5] . A K × J MIMO X network is a Gaussian interference network where each of the J receivers (Rx) require one independent message from each of the K transmitters (Tx). Henceforth, a K × J MIMO X network with M antennas at each node shall be abbreviated as (K, J, M ) − X Network. The sum DoF of (2, 2, M ) − X Network was studied in [4] , [5] . In [4] , it was shown that a sum DoF of ⌊ 4M 3 ⌋ is achievable in a (2, 2, M ) − X Network while the work in [5] shows that a sum DoF of 4M 3 is achievable. Furthermore,
4M
3 was also proven to be an outerbound on the sum DoF of (2, 2, M ) − X Network [5] . The transmission scheme in [5] that achieved this sum DoF was based on the idea of interference alignment (IA). We shall henceforth call this scheme as the Jafar-Shamai scheme.
With the assumption of constant channel matrices, the concept of IA for M > 1 involved linear precoding using a 3-symbol extension of the channel in such a way that the interference subspaces at the receivers overlap while being linearly independent of the desired signal subspace. This assumed knowledge of all the channel gains at both the transmitters (i.e., global CSIT). The desired signals were retrieved by simple zero-forcing.
A recent work by Li et al. [6] proposed an IA scheme for (2, 2, 2)−X Network using the Alamouti code and appropriate channel dependent precoding. This scheme, which we call the LJJ scheme, claimed to achieve the sum DoF of (2, 2, 2) − X Network which is equal to 8 3 . Further, in the LJJ scheme, each transmitter needs the knowledge of the channel from itself to both the receivers (i.e., local CSIT) whereas, in the Jafar-Shamai scheme, global CSIT is needed. In addition, the LJJ scheme also achieves a diversity order of two with node-to-node symbol rate of 2 3 complex symbols per channel use (cspcu) where, the complex symbols are assumed to take values from a fixed finite constellation.
In this work, we extend the LJJ scheme to (2, 2, 4) − X Network using Srinath-Rajan (S-R) space-time block code (STBC) which was proposed for an asymmetric 4 × 2 single user MIMO system [7] . The S-R code possesses a repetitive Alamouti structure upto scaling by a constant. This makes it convenient to adapt the LJJ scheme to (2, 2, 4) − X Network. We prove that the proposed scheme achieves the sum DoF of (2, 2, 4) − X Network which is equal to 16 3 . This scheme also requires only local CSIT like the LJJ scheme. Furthermore, under a more practical scenario of fixed finite constellation inputs, we prove that the proposed scheme achieves a diversity order of at least four.
The contributions of the paper are summarized below.
• We extend the LJJ scheme to (2, 2, 4)−X Network using S-R STBC. It is proved that this scheme achieves a sum DoF of 16 3 (see Theorem 2 in Section IV). The proposed scheme requires only local CSIT while the Jafar-Shamai scheme requires global CSIT to achieve the same sum DoF.
• The proposed scheme is also proved to achieve a diversity gain of at least four (see Theorem 1 in Section IV) when fixed finite constellations are employed at the transmitters. Simulation results show that the diversity gain of the proposed scheme is strictly greater than four. The paper is organized as follows. Section II formally introduces the system model. A brief overview of the JafarShamai scheme for (2, 2, 4) − X Network and the LJJ scheme for (2, 2, 2) − X Network is given in Section III. Extension of the LJJ scheme for (2, 2, 4)− X Network based on S-R STBC is described in Section IV. Simulation results comparing the proposed scheme with the Jafar-Shamai scheme is presented in Section V. Concluding remarks constitute Section VI.
Notations:
The set of complex numbers is denoted by C. The notation CN (0, σ 2 ) denotes the circularly symmetric complex Gaussian distribution with mean zero and variance σ Due to space constraints, proofs of all the theorems and other simulation results are given in [8] .
II. SYSTEM MODEL The (2, 2, M ) − X Network is shown in Fig. 1 . Each transmitter Tx-i has an independent message W ij for each receiver Rx-j, where i, j = 1, 2. The message generated by Tx-i for Rx-j is denoted by W ij . The input symbols and the output symbols over T time slots are related as
where, Y j ∈ C M×T denotes the output matrix at Rx-j,
denotes the channel matrix between Tx-i and Rx-j, N j ∈ C M×T denotes the noise matrix whose entries are distributed as i.i.d. CN (0, 1). The channel gains are assumed to be a constant over the transmitted codeword length. All the channel gains are assumed to be known to both the receivers (i.e., global CSIR), and this will not be specifically mentioned henceforth. The average power constraints at both the transmitters are assumed to be equal to P . The achievable rates and sum DoF of (2, 2, M ) − X Network are defined in the conventional sense [5] .
III. BACKGROUND -JAFAR-SHAMAI SCHEME AND LJJ SCHEME
In the first sub-section we shall briefly review the JafarShamai scheme from [5] and in the second sub-section we shall review the LJJ scheme from [6] .
A. Review of Jafar-Shamai Scheme for (2, 2, 4) − X Network The Jafar-Shamai scheme for (2, 2, 4) − X Network aligns the interference symbols by precoding over a 3-symbol extension of the channel, i.e., T = 3. Each transmitter transmits 4 complex symbols to each receiver over 3 channel uses so that a sum DoF of 16 3 is achieved. The input-output relation over a 3-symbol extension of the channel is given by
where,
denotes the received symbol vector at Rx-
effective channel matrix between Tx-i and Rx-j over 3 channel uses, V ik ∈ C
12×4
denotes the precoding matrix,
denotes the symbol vector generated by Tx-i meant for Rx-k, and
denotes the Gaussian noise vector whose entries are distributed as i.i.d. CN (0, 1). The entries of X ik take values from a set such that E
The precoders V ik are chosen as given below.
denotes a matrix whose columns are the eigen vectors of the matrix F
With the above choice of precoders, the interference symbols are aligned and (2) can be re-written as
It is proved in [5] that the above scheme achieves a sum DoF of 16 3 in the (2, 2, 4) − X Network almost surely when the channel matrix entries take values from a continuous probability distribution.
B. Review of LJJ Scheme
In the LJJ transmission scheme for (2, 2, 2) − X Network, every transmitter transmits two superposed Alamouti codes with appropriate precoding in three time slots, i.e., T = 3. Each Alamouti code corresponds to the symbols meant for each receiver. The transmitted symbols are given by
where, x k ij takes values from a set such that E
. The matrices X ij , as defined above, correspond to the symbols generated by Tx-i meant for Rx-j. The matrix entries x k ij denote the k th symbol generated by Tx-i for Rx-j. The precoders V ij are chosen as
The coefficients in the square roots above make sure that the transmitters meet the average power constraint. Note that all the channel matrices and the precoders are 2 × 2 matrices. The above choice of precoders and the usage of Alamouti codes concatenated with all zero columns align the interference symbols while ensuring that the interference subspace is linearly independent of the signal subspace. We briefly describe how this happens at Rx-1. The output symbol matrix at Rx-1 is now given by 
. Let the effective channel matrices corresponding to the desired symbols from Tx-1 and Tx-2 to Rx-1 be denoted byĤ = H 11 V 11 and G = H 21 V 21 respectively. Define a 2 × 3 matrix Y ′ whose first, second and third columns are given by
Similarly, define the matrix N 
where
The entries of the channel matrices are assumed to be distributed as i.i.d. CN (0, 1) in [6] . Theorem 2 in [6] claims that the matrix R and a similar effective channel matrix at Rx-2 are almost surely full rank and hence, a sum DoF of 8 3 is achieved in the (2, 2, 2) − X Network. When the symbols x k ij take values from finite constellations, it is proved that a diversity gain of 2 is achieved for every x k ij , along with symbol-by-symbol decoding.
We propose an extension of the LJJ scheme to (2, 2, 4) − X Network in the next section.
IV. S-R STBC BASED TRANSMISSION SCHEME FOR (2, 2, 4) − X NETWORK In this section, the LJJ scheme is extended to (2, 2, 4) − X Network by exploiting a repetitive Alamouti structure (upto scaling by a constant) in the S-R STBC. This transmission scheme is proved to achieve the sum DoF of (2, 2, 4) − X Network, and a diversity gain of at least four when fixed finite constellations are used at the transmitters. The S-R STBC proposed for an asymmetric 4 × 2 single user MIMO system in [7] is given by (9) (at the top of the next page) where, s i denotes the i th complex symbol generated by the transmitter, and θ ∈ (0, 2π). Note that 8 complex symbols are transmitted in 4 channel uses.
If 8 complex symbols are transmitted from each transmitter to every receiver in 6 channel uses in the (2, 2, 4)−X Network 
then, a total of 16 3 cspcu is transmitted in the network. This is done using the S-R STBC as follows. The transmitted symbols are given by
where, the matrices X i1 and X i2 are given in (10) and (11) respectively, for i = 1, 2, and x k ij take values from a set such that
The matrices X ij correspond to the symbols generated by Tx-i meant for Rx-j. The matrix entries x k ij denote the k th symbol generated by Tx-i for Rx-j. The choice of precoders V ij is the same as in the LJJ scheme, i.e., given by (4), where the channel matrices H ij are 4 × 4 matrices. The output symbol matrix at Rx-1 is given by
where, Y 1 ∈ C
4×6
. Note that the third and the sixth columns of V11X11 + V21X21 are zero. This shall be exploited for interference cancellation as follows.
Define a matrix Y
obtained by processing Y 1 as follows.
where, Y 1 (i, j) and Y (12) and (13), the first and the fourth columns of Y 1 are retained without further processing because they are interference free. These are interference free because the first and fourth columns of X i2 are zero, for i = 1, 2. In (14)-(17), the interference term associated with the second column of Y 1 is canceled using the third column of Y 1 . Similarly, in (18)-(21), the interference term associated with the fifth column of Y 1 is canceled using the sixth column of Y 1 . Note that the conjugation and scaling of terms in the R.H.S. of (14)-(21) involve only the third and sixth columns of Y 1 . This interference cancellation procedure does not affect the desired symbols because the third and sixth columns of V11X11 +V21X21 are zero. Note that the LJJ scheme for (2, 2, 2) − X Network also involves similar interference cancellation procedure though it was explained through zeroforcing of aligned interference in Section III-B. Now, the matrix Y ′ 1 can be re-written as
where, X We now proceed to evaluate the diversity gain achieved by the above scheme when fixed finite constellation inputs are used at the transmitters. Towards that end, we have the following definition from [9] . Definition 1: [9] The Coordinate Product Distance (CPD) between any two signal points u = u R +ju
for u � = v, in a finite constellation S is defined as
I � � and the minimum of this value among all possible pairs is defined as the CPD of S.
We assume that each symbol x k ij takes values from a finite constellation whose CPD is non-zero, for all i, j, k. As observed in [9] , if a finite constellation has a zero CPD, it can always be rotated appropriately so that the resulting constellation has a non-zero CPD. Now, define the difference matrix △X
where, X ′ ij k1 and X ′ ij k2 denote two different realizations (i.e.,
The following lemma shall be useful in establishing the diversity gain of the proposed scheme.
Lemma 1: There exists θ such that the difference matrix △X ′ ij k1,k2 is full rank for all k 1 � = k 2 and for all i, j. Henceforth, we shall assume that θ is chosen so that the difference matrix △X
is full rank for all k 1 � = k 2 and for all i, j. We shall assume that ML decoding of X CN (0, 1) , the average pair-wise error probability P e for the distinct pairs of codewords
is upper bounded as
for some constant c > 0. Hence, using the union bound on the average probability of error given that a particular symbol is transmitted and using Theorem 1, we obtain that ML decoding of X The next theorem states the DoF achievable using the proposed scheme. For the DoF evaluation we do not assume any restriction on the value of θ.
Theorem 2: When the entries of the channel matrices take values from arbitrary continuous probability distribution 1 , the proposed scheme, for any θ, achieves a node to node DoF of Thus, the proposed scheme achieves the sum DoF of (2, 2, 4)−X Network using local CSIT while the Jafar-Shamai scheme requires global CSIT. 1 We consider a complex random variable to have a continuous probability distribution if its real and imaginary parts are independent and distributed according to some continuous distribution.
In the following section, we shall present some simulation results comparing the probability of error performance of the proposed scheme with other schemes employing finite constellation inputs.
V. SIMULATION RESULTS
We term the proposed scheme for (2, 2, 4) − X Network as the modified S-R STBC scheme. We now compare the Word Error Probability (WEP) performance of the modified S-R STBC scheme with the Jafar-Shamai scheme. We shall also observe the importance of selection of θ so that △X ′ ij k1,k2 is full rank for all k 1 , k 2 and for all i, j.
The WEP of the modified S-R STBC scheme using 8-QAM inputs and 4-QAM inputs are plotted in Fig. 2 and Fig. 3 respectively. We have set θ = π 4 in the modified S-R STBC scheme, and the constellations are rotated by an angle φ =
to ensure a non-zero CPD [9] . It was shown in [7] that the difference matrices of the S-R STBC are full rank with θ = when 16-QAM inputs are used. Since the 8-QAM constellation and the 4-QAM constellation are subsets of the 16-QAM constellation, △X ′ ij k1,k2 is full rank for all k 1 , k 2 and for all i, j. Hence, by Theorem 1, a diversity gain of four is assured for the modified S-R STBC scheme.
Let us call the scheme that uses θ = 0 as the trivial Alamouti repetition (TAR) scheme. It is easy to observe that, with the same constellation used for all the symbols along with any angle of rotation φ, when θ = 0, the difference matrix △X ′ ij k1,k2 is not full rank for some k 1 , k 2 , for all i, j. Thus, Theorem 1 is not applicable for this case. The WEP of the TAR scheme using 8-QAM inputs and 4-QAM inputs for φ = 0,
are also plotted in Fig. 2 and Fig. 3 respectively.
In the Jafar-Shamai scheme, MAP decoding of the desired symbols from (3) reduces to ML decoding of all the symbols at high values of P [11] , i.e., It can be observed from Fig. 2 and Fig. 3 that the modified S-R STBC scheme clearly outperforms the TAR scheme with
and φ = 0, and the Jafar-Shamai scheme. In both the figures, the modified S-R STBC scheme is found to offer a diversity gain that is strictly greater than 4. Intuitively, the modified S-R STBC scheme achieves full receive diversity while the transmit diversity is affected because of precoding.
VI. CONCLUSION
A new transmission scheme based on the S-R STBC was proposed for the (2, 2, 4) − X Network as an extension of the LJJ scheme for the (2, 2, 2) − X Network. The proposed transmission scheme was proven to achieve the sum DoF of the (2, 2, 4) − X Network which is equal to 16 3 . In comparison with the Jafar-Shamai scheme, the proposed scheme has reduced CSIT requirements. Moreover, the proposed scheme was proven to achieve a diversity gain of four when finite constellation inputs are used. Simulation results confirmed that the proposed scheme performs better in terms of error probability when compared with the Jafar Shamai scheme.
An interesting question that remains to be addressed is -what is the maximum diversity gain achievable at a sum rate of 4 3 cspcu and 16 3 cspcu in the (2, 2, 2) − X Network and (2, 2, 4) − X Network respectively? Another interesting direction of research is to identify similar schemes for other values of M so that the sum DoF of (2, 2, M ) − X Network can be achieved with lesser CSIT requirement compared to the Jafar-Shamai scheme along with full receive diversity gain when finite constellation inputs are used.
